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Abstract 
The current work examines focusing and dispersing characteristics of corpuscular-optical systems with a mean plane, which is 
a symmetry plane of the electric field and an anti-symmetry plane of the magnetic field. Differential equations of the trajectory of 
a charged particle in such fields are considered in the linear approximation. By using curvilinear coordinates, and considering 
that the curvilinear axis of such coordinates coincides with the trajectory of the axis of the beam in the mean plane, we find 
certain common correlations which characterize the focusing and dispersing properties of the fields under consideration.  © 2008 
Elsevier B.V.
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1. Introduction 
The current work examines focusing and dispersing characteristics of corpuscular-optical systems with the mean 
plane, which presents the plane of symmetry of the electric field and anti-symmetry of the magnetic field. The 
electric and magnetic fields are described by dimensionless potentials and , which are connected with 
electrostatic ϕ  and magnetic ω   potentials by expressions [1]: 
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where  e − an electric charge of the particles in the concerned beam, cm
 
- average rest mass of the particles,  − 
velocity of light in vacuum. It is considered that the electric charge of the particles in the beam is equal, rest mass 
)1( γ+= cmm , and relative kinetic energy at the field exit is )1(0 ε+c . In this case γ and ε characterize relative 
variations of mass and energy in the beam as respects to average mass mc
 
and average energy 0c correspondingly. 
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Potential also is normalized in such a manner that it is equal to zero there, where the speed of particles with mass  
cm  driven on an axial trajectory is equal to zero too. 
2. Theory 
Equation of a trajectory of the charged particle in vector form is possible to write down as: 
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Here r – radius-vector of a particle, l – length of an arch of a trajectory. The equation (2) is fair and in relativistic 
case, if potential to replace on relativistic potential +=
2
1R . 
Let's proceed in the curvilinear system of coordinates q, z, s [1,2], having chosen as a curve-linear axis an axial 
trajectory of a beam of the charged particles, laying in on mean plane, as shown in Fig. 1. The curvilinear axis  q  
lies in the mean plane and is directed by the normal to the axial trajectory, the axis z has constant direction, 
perpendicular to the mean plane 0=z , the axis s coincides with the axial beam trajectory. The units qe , ze , se  form 
the right system. In each perpendicular section of a beam, determined in coordinate s, the deviation of a particle 
from an axial trajectory is determined in coordinates q and z. 
 
 
Fig. 1. The axial trajectory of a beam and the curvilinear system of coordinates q, z, s. 
Taking into account, that 
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we receive from (2) exact the equations of a trajectory of the charged particle in the curvilinear system of 
coordinates: 
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In last formulas the strokes designate differentiation by coordinate s, ( )skk ≡ – the curvature of the axial 
trajectory, the indexes at and  designate private derivative on the appropriate coordinates, 
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The equations (5) and (6) are exact. They allow directly to calculate functions ( )sq  and ( )sz  determining a 
deviation of a particle from an axial trajectory. A unique condition limiting their application, is the requirement 
1−< kq . 
 
The equations (5) and (6) in linear approximation can be presented in the following form accurate to the first 
order as respects to q, q′, z, z′, ε  and γ, which are considered small variables: 
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Here  ( ) ( )ssff c ,0,0=≡ , ( ) ( )ssff qcqq ,0,0=≡ , ( ) ( )ssff qqcqqqq ,0,0=≡  are dimensionless potential ( )szq ,,
 and its partial derivatives of first and second orders  by q correspondingly, calculated at the axial 
trajectory, that is when q = z = 0; ( ) ( )sshh z ,0,0=≡ , ( ) ( )sshh qzqq ,0,0=≡ are correspondingly the distribution of 
intensity of the magnetic field and its partial derivative by q on the  axial trajectory; the curvature of the axial 
trajectory  
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At a conclusion of the equations (8), (9) is taken into account that the potentials satisfy to the Laplace equation. 
Whence, in particular, the parity follows 
fffkf qqqzz ′′−−= . 
 
Differential equations (8), (9) allow to prove some common correlations, which characterize focusing and 
dispersing qualities of the fields at issue. We shall investigate focusing properties, having put in the equation (8) 
0== γε . Thus we shall receive the linear homogeneous equation. The linearly independent decisions of the 
homogeneous equation appropriate to the equation (8) 1q , 2q  and homogeneous equation (9) – 1z , 2z  shall define 
in area outside of a field in a subject domain at 0ss =  by the following initial conditions: 
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Taking into account (11) and (12), we shall find the Vronskyi determinants of the linearly independent decisions: 
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 Let in space of the images, where the field is absent, gss =  is the Gauss plane. If system is stigmatic, then in this 
plane 022 == gg zq  and from expressions (13), (14) receive the known parities Lagranj-Gelmgolts, connecting linear 
and angular increases in the Gauss plane, follow: 
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Here gqM 1=  and gq2′=  – linear and angular increases in a direction of an axis q in mean plane (radial 
direction), gz zM 1=  and gz2′=  – the linear and angular increases in a direction of an axis z (axial direction), here 
and further index «g» are marked meanings variable at gss = . 
 
The homogeneous equation appropriate (8) multiply on z, and equation (9) on q also we shall combine them term 
by term. After simple transformations we shall receive expression: 
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Thus, it is possible to obtain expression: 
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The right part of last equation everywhere is no more zero, therefore 
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This condition stronger, than received in work [4]: 
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From (11) after integration we shall receive the following inequality describing focusing properties of any fields 
with an mean plane: 
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So, if in a field the volumetric parallel beam acts, in a subject domain 000 =′=′ zq , then in a plane ass =  in area 
of the image, where the field is absent, (19) results in the inequality 
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If a volumetric parallel beam enters the field, then at the field exit the equation is true in the image area. It 
results from this equation that either the beam moving through the field forms one or several crossovers, or the area 
of its section decreases at the field exit. Consequently, either the focusing of the beam happens at both directions q 
and z, or if at one of the directions the filed has a defocusing effect, then at the other necessarily the more focusing 
effect will appear. In particular, it follows that for two-dimensional and conic fields that do not have focusing effect 
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in the mean plane the focusing quality appears in the axial direction. This result for two-dimensional and conic 
systems was received earlier in the works [3,4,5]. 
 
For prismical systems with two-dimensional [4] or conical fields the order of the equation (8) can be lowered. 
Really, for conical rejecting fields, the following parities connecting derivative of potentials on an axial trajectory 
take place: 
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Here function )(scρ  describes an axial trajectory of a beam in cylindrical coordinates ρ , ψ , z ( 0=z  is the 
mean plane); )(sσ – corner between the tangent to an axial trajectory and perpendicular to a beam )(sψ , carried out 
in a point of a contact. In this case the axial trajectory is described by the equations 
  
σρ sin=′c ,     ρ
σψ cos=′c ,     kc −′=′ ψσ .                                        (24) 
Using expressions (21) – (24), it is possible to show, that the function 
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is the private decision of the homogeneous equation appropriate (8). This private decision sets a trajectory similar 
axial. Using (25), for the function 
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we receive the equation of the first order: 
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The private decision this equation is possible to write as: 
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The found functions )(1 su  and )(2 su  allow to write the linearly independent decisions of the homogeneous 
equation appropriate to the equation (8), satisfying in area outside of a field in a subject domain to conditions (11), 
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If in prismatic system acts the homogeneous parallel volumetric beam, the trajectories of particles in a beam are 
described by functions 
 
)()( 10 sqqsq = ,       )()( 10 szzsz = .                                           (33) 
Thus in area outside of a field, where 0=k , agrees (31) for all trajectories of a beam 00 =′=′ qqa , that is in a 
radial direction parallel of trajectories is kept. Therefore (20) results in an inequality 
 0<
′
a
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In a plane ass =  in area of the image the field is absent. Whence follows, that the particles in conical prismatic 
fields always are focused to mean plane, forming linear focuses [3].  
 
Let in subject space the dot source, creating beam of the charged particles with an identical specific charge, 
energy and the angular divergence in an average plane equal sα . If the function )(2 sz  addresses in zero at fss =  in 
this place the linear image of the dot source representing, perpendicularly axial trajectory, located in on the average 
plane is created, and length of the linear image equal  
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General decision of the equation (8) shall be writing down as [1]: 
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In a plane ass =  in area of the image, where the field is absent, the energy dispersion is possible to define 
accordingly as )( aw sAD =  and )( am sBD = . Thus the angular dispersions are equal )( aw sAD ′=′  and )( am sBD ′=′  
accordingly. If the plane ass =  coincides with the Gauss plane, then for ga ss = , 02 =gq , Mq g =1  and for the mass 
dispersion mD  it is possible to write the following expression:  
 ( ) dshq
f
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Integral, which is included in expression (39), defines the flow of tenseness of the magnetic field 2N  through the 
radial section of homogeneous flat beam leaving from middle of the ion source slit, referred to the angular 
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divergence sα2  of this beam. For all trajectories of such beam 00 =q , 000 =′= zz , 0==γε  and ss q αα ≤′≤− 0 . Thus 
expression (39) is possible to write down as 
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This work also examines the “quality” parameter and Q-quantity of static mass-spectrometers (See, for example, 
[6]): 
 ssdRQ α22max=                                                         (41) 
where sd2  and sα2  are the width of the entrance slit of ion source and the radial angle of the particle divergence 
in the beam correspondingly, and  
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is the maximum resolution of the mass-analyzer. Substituting (42) in (41) and using (40), we shall receive 
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Here 0p  is the initial impulse of the particles moving at the axial trajectory. It is proved that at any form of the 
beam axial trajectory and for any mass-analyzer with the mean plane Q-quantity is defined by the expression (43) in 
linear approximation. If in the mass-analyzer there is an intermediate focus in a radial direction, behind this focus 
coordinate q changes a mark, that at a constant direction of the tenseness of the magnetic field results in reduction 
2N  and, hence, in reduction Q . 
 
Thus, the formula (43) gives simple general criterion of increase of quality of static mass-spectrometer. At 
identical meaning Q resolution and sensitivity of mass-spectrometer basically will be defined by the aberrations of 
the analyzer.  
 
In a number of cases it is important alongside with the linear mass dispersion mD  to know the angular mass 
dispersion mD′ . Using expression (38) for the angular mass dispersion it is possible to write down expression in the 
Gauss plane gss =  
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Here 
gq
F
1
1
1
′
−=  – back focal length in a radial direction; 1N  – the flows of tenseness of the magnetic field 
through the radial section of the homogeneous flat parallels beam in subject area, where its width is equal sd2 . For 
all trajectories of such beam 00 =′q , 000 =′= zz , 0==γε  and ss dqd ≤≤− 0 . 
 
If the ion-optical system is telescopic in a radial direction ( ∞=1F ), then the angular mass dispersion is defined 
only the composed, containing 1N . Let's note, that for prismical systems with two-dimensional or conical fields 
from (44) we receive 
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the formula  (45)  becomes fair at any width sd2  of the parallel beam  [1,4]. In Fig. 2 is shown the distinction in 
definition of flows 1N  and 2N . 
 
 
Fig. 2.  The explanatory to a rule of a flow. 
3. Conclusions 
The general correlations that were received by this work and that characterize the focusing and dispersing 
qualities of the corpuscular-optical systems with the mean plane facilitate significantly the search of effective 
schemes for energy and mass-analyzers. 
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